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GHOST CLASSES IN RANK TWO ORTHOGONAL SHIMURA VARIETIES
JITENDRA BAJPAI AND MATIAS VICTOR MOYA GIUSTI
Abstract. In this article, the existence of ghost classes for the Shimura varieties associated to
algebraic groups of orthogonal similitudes of signature (2, n) is being studied. We make use of the
study of the weights in the mixed Hodge structures associated to the corresponding cohomology
spaces and results on the Eisenstein cohomology of the algebraic group of orthogonal similitudes
of signature (1, n − 1). For the values of n = 4, 5 the existence of ghost classes in its associated
orthogonal Shimura varieties have been studied in detail.
1. Introduction
Let (G,X) be a Shimura pair, and let ρ : G → GL(V ) be an irreducible finite dimensional
representation. One can define in a natural way a local system V˜ on the Shimura variety S associated
to (G,X), underlying a variation of complex Hodge structure of a given weight wt(V ).
Let T ⊂ G be a maximal torus defined over Q and let A ⊂ T be a maximal Q-split torus. We
choose a system of positive roots in the corresponding root systems Φ(G,T ),Φ(G,A) so that they
are compatible, i.e. the restriction to A of a positive root in Φ(G,T ) is positive in Φ(G,A). Let λ be
the highest weight of V, we will usually denote V by Vλ. The choice of the system of positive roots
Φ+(G,A) in Φ(G,A) defines a set of standard proper Q-parabolic subgroups denoted by PQ(G).
From now on we will assume that the semisimple Q-rank of G is 2. In this case PQ(G) consists
of three elements: two maximal Q-parabolic subgroups denoted by P1 and P2, and a minimal
Q-parabolic subgroup denoted by P0.
We consider the Borel-Serre compactification S of S (see [BS73]). The inclusion S →֒ S is an
homotopy equivalence and V˜λ can be extended naturally to S. The corresponding local system will
again be denoted by V˜λ. In fact there is a natural isomorphism H
•(S, V˜λ) ∼= H•(S, V˜λ) and as a
consequence we obtain a long exact sequence in cohomology
(1) . . .→ Hqc (S, V˜λ)→ Hq(S, V˜λ) r
q−→ Hq(∂S, V˜λ)→ . . .
where H•c (S, V˜λ) denotes the cohomology with compact support and ∂S = S − S is the boundary
of the Borel-Serre compactification.
On the other hand, we have a covering ∂S = ∪P∈PQ(G)∂P , where this union is indexed by
the elements of PQ(G). The aforementioned covering induces a spectral sequence in cohomology
abutting to H•(∂S, V˜λ) and in the case of Q-rank 2 this is just a long exact sequence in cohomology
(2) . . .→ Hq(∂S, V˜λ) p
q
−→ Hq(∂P1 , V˜λ)⊕Hq(∂P2 , V˜λ)→ Hq(∂P0 , V˜λ)→ . . .
We define the space of q-ghost classes by Ghq(V˜λ) = Im(r
q)∩Ker(pq). Both long exact sequences
in cohomology (1) and (2) are long exact sequences of mixed Hodge structures (see [HZ94]).
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For each i ∈ {0, 1, 2} there is a decomposition:
(3) Hq(∂Pi , V˜λ) =
⊕
w∈WPi
Ind
G(Af )
Pi(Af )
Hq−ℓ(w)(SMi , W˜w∗(λ))
obtained by using Kostant’s theorem (see [Kos61]), where the induction is the algebraic (unnormal-
ized) induction, WPi is the set of Weyl representatives associated to Pi, SMi is the symmetric space
associated to the Levi quotient Mi of Pi, Ww∗(λ) is the irreducible representation of Mi with certain
highest weight w∗(λ) and ℓ(w) denotes the length of the element w.
The mixed Hodge structure of Hq(∂Pi , V˜λ) splits completely with respect to the aforementioned
decomposition. Moreover, for i ∈ {1, 2} there exists a subset W0i ⊂ W(G,T ) such that W0iWPi =
WP0 and the corresponding morphism in cohomology r•i,0 : H•(∂Pi , V˜λ)→ H•(∂P0 , V˜λ) restricted to
Ind
G(Af )
Pi(Af )
Hq−ℓ(w)(SMi , W˜w∗(λ)) (with w ∈ WPi) has image in⊕
w˜∈W0i
Ind
G(Af )
P0(Af )
Hq−ℓ(w)−ℓ(w˜)(SMi , W˜(w˜w)∗(λ)).
In the cases to be studied in this article, SM0 has non trivial cohomology only in degree zero, and
when i=0, the mixed Hodge structure of each term in (3) has a pure weight.
The idea behind this paper is the fact that the space Ker(pq) (involved in the definition of
ghost classes) is the image of the correspondig map Hq−1(∂P0 , V˜λ) → Hq(∂S, V˜λ) and, after (3),
we have a list of possible weights in the corresponding space of ghost classes. By using mixed
Hodge theory and Eisenstein cohomology, a study of the morphisms r• : H•(S, V˜λ) → H•(∂S, V˜λ),
r•i,0 : H
•(∂Pi , V˜λ) → H•(∂P0 , V˜λ) is used to rule out most of the possible weights in the space of
ghost classes.
Ghost classes have been introduced by A. Borel [Bor84] in 1984. Later on, G. Harder made
several mention about these classes in his work. At the very end in the article [Har90], Harder
refers to the case GL3 and said that “.... the ghost classes appear if some L-values vanish. The
order of vanishing does not play a role. But this may change in higher rank case”. He further added
that this aspect is worth to be investigated. Not to mention much, this gives a nice motivation to
pursue the study of ghost classes a little further and especially in higher rank groups. Since then
a few mathematicians have considered to study them, however the general theory of these classes
has been slow in coming.
Ghost classes can be introduced for any reductive algebraic group and its definition does not
depend on the existence of a complex structure. However, in the case of a Shimura variety this
space has a corresponding mixed Hodge structure. It is then interesting to study the existence of
ghost classes for Shimura varieties and to give some description of the possible weights in its mixed
Hodge structure. When S is a Shimura variety, the local system V˜λ defines a complex variation of
Hodge structures of a weight wt(Vλ) and it is known that the weights in the mixed Hodge structure
on the spaceHq(S, V˜λ) are greater than or equal to the middle weight, given by q+wt(Vλ). Therefore
the weights in the mixed Hodge structure on the space of ghost classes are greater than or equal to
the middle weight. We say that the Shimura variety satisfy the middle weight property if the only
weight in the mixed Hodge structure on the space of ghost classes is the middle weight. In addition,
it is said to satisfy the weak middle weight property if the only possible weights in the corresponding
mixed Hodge structure are the middle weight and the middle weight plus one. In this article, we
present a study of the Shimura varieties associated to the groups of orthogonal similitudes GO(2, n)
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for n ≥ 3. The study of ghost classes have been discussed in detail for the cases n = 4 and n = 5
in the last two sections. For example, in the case n = 5 we get the following result:
Ghost classes for GO(2, 5) Let Vλ be the finite dimensional irreducible representation with
highest weight λ = a1ǫ1 + a2ǫ2 + a3ǫ3 + cκ. Then:
(1) If a2 6= a3 or a2 = a3 /∈ {0, 1} then there are no ghost classes in the cohomology space
H•(∂S, V˜λ).
(2) If a2 = a3 = 0 then the only possible weights in the mixed Hodge structure of the space of
ghost classes are the middle weight and the middle weight plus one.
(3) If a2 = a3 = 1 then the only possible weight in the space of ghost classes is the middle
weight plus three.
We obtain similar result in the case n = 4 (see corollary 10).
Remark 1. For notational convenience, from now on we use ∂i in place of ∂Pi for i ∈ {0, 1, 2}.
2. The Shimura variety involved
In this section we present the family of Shimura varieties to be studied. Throughout the article,
n ≥ 3. Consider the Shimura pair (GO(2, n),X), where GO(2, n) is the group of orthogonal
similitudes of signature (2, n), in other words
GO(2, n)(A) =
{
g ∈ GLn+2(A) | gtI2,ng = ν(g)I2,n, ν(g) ∈ A×
}
, for every Q-algebra A
where I2,n = Id2 × −Idn and X is the GO(2, n)(R)-conjugacy class of homomorphisms containing
the element h : S(R)→ GO(2, n)(R) given by
h(x+ iy) =

x2 − y2 2xy
2xy x2 − y2
x2 + y2
. . .
x2 + y2
x2 + y2

∀(x+ iy) ∈ S(R).
Thus, the weight morphism ω
X
: Gm → GO(2, n) of the Shimura pair is given by ωX (t) = t2Idn+2
where Idn+2 denotes the identity in dimension n+ 2.
Some calculations become easier if we consider the algebraic group Gn that is isomorphic, as an
algebraic group defined over Q, to GO(2, n), given by
Gn(A) =
{
g ∈ GLn+2(A) | gtJng = ν(g)Jn, ν(g) ∈ A×
}
, for every Q-algebra A
where
Jn =

1
1
Idn−2
1
1
 ,
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In fact, it can be verified that the conjugation, inside GLn+2, by the element
1 0 0 0 −1
0 1 0 −1 0
0 0 Idn−2 0 0
0 1 0 1 0
1 0 0 0 1
 ,
gives an isomorphism between the groups GO(2, n) and Gn defined over Q.
Let Kf ⊂ Gn(Af ) be an open compact subgroup, then we denote by SK its corresponding level
variety and we denote by
S = lim
←−
K
SK
the Shimura variety defined by this Shimura datum.
3. Root system, Q-parabolic subgroups and irreducible representations
Consider the maximal Q-split torus
A =

h

h1 0 0 0 0
0 h2 0 0 0
0 0 Idn−2 0 0
0 0 0 h−12 0
0 0 0 0 h−11
 : h, h1, h2 ∈ Gm

⊂ Gn
Let a denote the Lie algebra of A. The corresponding Q-root system Φ(gn, a) is of type B2 and
∆Q = {ǫ1 − ǫ2, ǫ2}, where ǫ1, ǫ2 ∈ a∗ denote the usual elements, is a system of simple roots. This
determines a set of proper standard Q-parabolic subgroups P(G)Q = {P0, P1, P2}, given by
P1 =


∗ ∗ . . . ∗ ∗
0 ∗ . . . ∗ ∗
...
...
...
...
0 ∗ . . . ∗ ∗
0 0 . . . 0 ∗
 ∈ GL(n + 2,C)

∩Gn(C),
P2 =


∗ ∗ ∗ . . . ∗ ∗ ∗
∗ ∗ ∗ . . . ∗ ∗ ∗
0 0 ∗ . . . ∗ ∗ ∗
...
...
...
...
...
...
0 0 ∗ . . . ∗ ∗ ∗
0 0 0 . . . 0 ∗ ∗
0 0 0 . . . 0 ∗ ∗

∈ GL(n + 2,C)

∩Gn(C)
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and P0 = P1 ∩ P2. One can see that over C the group Gn is isomorphic to the group of orthogonal
similitudes GO(n + 2) of matrices preserving the quadratic form defined by the matrix
0 0 0 0 1
0 0 0 1 0
0 0
... 0 0
0 1 0 0 0
1 0 0 0 0

(in dimension n + 2) up to a scalar multiple. An isomorphism between Gn and GO(n + 2) can be
established by conjugation by a certain matrix of the form
1 0 0 0 0
0 1 0 0 0
0 0 M 0 0
0 0 0 1 0
0 0 0 0 1

where M ∈ GLn−2(C) is given by
1√
2

1 0 0 0 0 −i
0
. . . 0 0
... 0
0 0 1 −i 0 0
0 0 1 i 0 0
0
... 0 0
. . . 0
1 0 0 0 0 i

and
1√
2

1 0 0 0 0 0 −i
0
. . . 0 0 0
... 0
0 0 1 0 −i 0 0
0 0 0 1 0 0 0
0 0 1 0 i 0 0
0
... 0 0 0
. . . 0
1 0 0 0 0 0 i

,
if n is even and odd respectively. There is a canonical maximal torus T in GO(n + 2) which is
given by the subgroup of all its diagonal matrices. It is clear that the maximal Q-split torus A is
contained in T . Let t be the Lie algebra associated to T then t is given by all the diagonal elements
in the Lie algebra g = go(n + 2) corresponding to GO(n + 2). For the study of the corresponding
root system and the irreducible representations we need to treat n odd and n even cases separately.
3.1. Case n odd. T is a torus of dimension l+1, where l = n+12 . Now, we describe the irreducible
finite dimensional representations of Gn. One can see that go(n+ 2)C = so(n + 2)C ⊕ CIdn+2. On
the other hand, let t′C ⊂ so(n + 2)C be the l-dimensional subspace of diagonal matrices. Here t′C
is a Cartan subalgebra of so(n + 2)C. We consider the canonical elements ǫ1, . . . , ǫl ∈ (t′C)∗. Then
one knows that the corresponding root system is of type Bl and ∆ = {ǫ1 − ǫ2, . . . , ǫl−1 − ǫl, ǫl} is
a system of simple roots. We recall that, with respect to this choice of the system of simple roots,
the fundamental weights for so(n+ 2) are given by:
̟k =
k∑
i=1
ǫi, for 1 ≤ k < l and ̟l = 1
2
l∑
i=1
ǫi
and the finite dimensional irreducible representations of so(n + 2) are determined by their highest
weights, given by the expressions of the form n1̟1 + . . . + nl̟l with n1, . . . , nl ∈ N. Only the
highest weights with nl even will correspond to a finite dimensional irreducible representation of
SO(n + 2). From the fact that G = GO(n + 2) is the almost direct product of Z(G)(∼= Gm)
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and SO(n + 2) one can deduce that the finite dimensional irreducible representations of G are in
bijection with the highest weights of the form n1̟1 + . . . + nl2̟l + cκ with n1, . . . , nl ∈ N, c ∈ Z
and c ≡ n1+2n2+ . . .+ lnl (mod 2). Therefore, one can see that the irreducible finite dimensional
representations of Gn can be determined by their highest weights and these are given by the elements
of the form a1ǫ1 + . . .+ alǫl + cκ with a1 ≥ . . . ≥ al ∈ N, c ∈ Z and c ≡ a1 + a2 + . . .+ al (mod 2).
Finally, with respect to the root system defined by t, the Weyl group W = W(go(n + 2)C, tC)
has 2ll! elements and these elements are given by the composition of a permutation in Sl acting on
{ǫ1, . . . , ǫl} and any possible change of signs on these elements. For a given permutation σ ∈ Sl and
f : {1, . . . , l} → {1,−1}, we denote by w = wσ,f the element in W that takes each ǫi to f(σ(i))ǫσ(i).
3.2. Case n even. Following similar procedure, we can determine the irreducible finite dimensional
representations of Gn by their corresponding highest weights. In this case l =
n+2
2 and T has
dimension l + 1. Let t′C ⊂ so(n + 2)C be, again, the l-dimensional subspace of diagonal matrices,
then t′C is a Cartan subalgebra of so(n + 2)C. The corresponding root system is of type Dl and
∆ = {ǫ1 − ǫ2, . . . , ǫl−1 − ǫl, ǫl−1 + ǫl} is a system of simple roots, where ǫ1, . . . , ǫl ∈ (t′C)∗ is the
canonical base in (t′C)
∗. Therefore the fundamental weights for so(n+ 2) are given by:
̟k =
k∑
i=1
ǫi, for 1 ≤ k < l − 1, ̟l−1 = 1
2
(
l−1∑
i=1
ǫi − ǫl
)
and ̟l =
1
2
l∑
i=1
ǫi
and the finite dimensional irreducible representations of so(n + 2) are determined by their highest
weights, given by the expressions of the form n1̟1 + . . . + nl̟l with n1, . . . , nl ∈ N and only the
highest weights with nl−1+nl even will correspond to a finite dimensional irreducible representation
of SO(n+ 2). One can finally deduce that the finite dimensional irreducible representations of Gn
are in bijection with the highest weights of the form n1̟1 + . . . + nl̟l + cκ with n1, . . . , nl ∈ N,
nl−1 + nl even and c ∈ Z with c ≡ n1 + 2n2 + . . .+ (l− 2)nl−2 + l−22 nl−1 + l2nl (mod 2). Therefore,
the finite dimensional irreducible representations of Gn are determined by their highest weights and
these are of the form a1ǫ1 + . . .+ alǫl + cκ with a1 ≥ . . . ≥ al ∈ Z, al−1 ≥ 0, al−1 ≥ al ≥ −al−1 and
c ∈ Z with c ≡ a1 + a2 + . . .+ al (mod 2).
Finally, it is known that the Weyl group W is given by all compositions of an element of the
group of permutations Sl on {ǫ1, . . . , ǫl} and a change of signs on an even number of these elements.
For a given permutation σ ∈ Sl and f : {1, . . . , l} → {1,−1}, we use the same notation as in the
last subsection to denote the corresponding element w = wσ,f in the Weyl group.
4. Weyl representatives
In this section we describe the set of Weyl representatives associated to each standard Q-parabolic
subgroup of Gn as defined in [Kos61]. ∆i will denote the set of roots appearing in the Lie algebra of
the unipotent radical of the parabolic subgroup Pi of Gn, for i ∈ {0, 1, 2}. Because of the difference
between the corresponding Weyl groups, the even and odd cases will be treated separately.
4.1. Case n odd. We begin with the description of the Weyl representatives for the minimal Q-
parabolic subgroup P0. The roots appearing in the unipotent radical of P0 are
∆0 = {ǫ1 ± ǫ2, . . . , ǫ1 ± ǫl, ǫ2 ± ǫ3, . . . , ǫ2 ± ǫl, ǫ1, ǫ2}
and by definition the set of Weyl representatives WP0 are the elements w ∈ W such that w(Φ−) ∩
Φ+ ⊂ ∆0, but the elements in Φ+ which are not in ∆0 are Φ+\∆0 = {ǫm ± ǫn, ǫm | 2 < m < n ≤ l} .
From this fact one can see the following:
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Lemma 2. Let wσ,f be an element of the Weyl group W, then wσ,f ∈ WP0 if and only if
(1) f(m) = 1 m > 2, and
(2) σ−1(m) < σ−1(n) for 2 < m < n ≤ l.
In fact wσ,f ∈ WP0 is determined by the values f(1), f(2), σ−1(1) and σ−1(2). ThereforeWP0 has
4(l− 1)l elements. Observe that the only element in ∆0 which is not in ∆2 is ǫ1 − ǫ2. Then, clearly
WP2 is the subset of WP0 of Weyl elements w such that ǫ1 − ǫ2 /∈ w(Φ−). From this fact one can
easily see that, for wσ,f ∈ WP0 , if f(1) = −1 and f(2) = 1 then wσ,f /∈ WP2 . On the other hand, if
f(1) = 1 and f(2) = −1 then for any σ ∈ Sl, the corresponding element wσ,f ∈ WP0 . Moreover we
see the following
Lemma 3. WP2 consists of the elements wσ,f ∈ WP0 satisfying one of the following conditions
• f(1) = 1 and f(2) = −1.
• f(1) = f(2) = 1 and σ−1(1) < σ−1(2).
• f(1) = f(2) = −1 and σ−1(1) > σ−1(2).
Finally, ∆1 = {e1 ± e2, . . . , e1 ± el, e1} and using the above methods, we get the following
Lemma 4. WP1 consists of the elements wσ,f ∈ WP0 satisfying the following conditions
• f(2) = 1 and
• σ−1(2) < σ−1(3).
We now describe the Weyl representatives W0i of P0 ∩Mi in Mi for i = 1, 2. Using the same
methods as above, we determine W02 =
{
we,1, w(1,2),1
}
, where 1 denotes here the constant function
that takes always the value 1, and
W01 =
{
wσ,f | f(m) = 1 ∀m 6= 2, σ(1) = 1 and σ−1(m) < σ−1(n) ∀2 < m < n ≤ l
}
.
Note that WP0 =W i0WPi for i = 1, 2.
4.2. Case n even. In this case, ∆0 is given by {ǫ1 ± ǫk | 1 < k ≤ l} ∪ {ǫ2 ± ǫk | 2 < k ≤ l}. For
2 < k < l, we see that if f(k) = −1 then wσ,f /∈ WP0 (because this element takes the root
−ǫσ−1(k) − ǫσ−1(l) to a positive root not in ∆0). In fact we get the following
Lemma 5. WP0 is given by all the elements wσ,f ∈ W satisfying
(1) f(k) = 1 for 2 < k < l.
(2) σ−1(m) < σ−1(n) for 2 < m < n ≤ l.
Also, the only element in ∆0 which is not in ∆2 is ǫ1 − ǫ2 and ∆1 = {ǫ1 ± ǫk | 1 < k ≤ l}. From
these facts we deduce the following
Lemma 6. WP2 is the subset of WP0 consisting the elements wσ,f ∈ WP0 satisfying one of the
following conditions :
(1) f(1) = 1 and f(2) = −1.
(2) f(1) = f(2) = 1 and σ−1(1) < σ−1(2).
(3) f(1) = f(2) = −1 and σ−1(1) > σ−1(2).
and WP1 is the subset of WP0 consisting of the elements wσ,f ∈ WP0 satisfying both conditions
(1) f(2) = 1.
(2) σ−1(2) < σ−1(3).
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By similar computations, the sets W02 and W01 are given by W02 =
{
we,1, w(1,2),1
}
and
W01 =
{
wσ,f ∈ WP0 | σ(1) = 1, f(1) = 1
}
.
5. Mixed Hodge theory
In this section, we collect some information regarding the weight filtration of the mixed Hodge
structure for the cohomology spaces in the long exact sequences (1) and (2).
First of all, the weight morphism of the orthogonal Shimura variety associated to GO(2, n) is given
by the morphism ω : Gm → GO(2, n) defined by t 7→ t2Idn+2. Therefore, for a finite dimensional
irreducible representation (ρ
λ
, Vλ) with highest weight λ =
∑l
i=1 aiǫi + cκ, the composition ρλ ◦ ω :
Gm → GL(Vλ) is given by t 7→ t2cIdn+2. Therefore Vλ defines a complex variation of Hodge
structure of weight −2c and the mixed Hodge structure on the space Hq(S, V˜λ) has weights greater
than or equal to q − 2c.
We continue by calculating the morphisms hi : S → Gh,i defining a Shimura pair (Gh,i, hi)
where Gh,i is the Hermitian part of the Levi subgroup Mi of Pi. For this we use the description
given in [Har86] and the details from chapter 4 of [Pin90]. In the case i = 1, the morphism
h1 : S→ Gh,1 ⊂ GO(2, n) is given by
h1(z) =
 |z|4 |z|2 Idn
1
 , ∀z ∈ S(R).
In particular, the weight morphism associated to (Gh,i, h) is the morphism wi : Gm → Gh,i ⊂ Mi
given by
w1(t) =
 t4 t2Idn
1
 = t2
 t2 Idn
t−2
 , ∀t ∈ Gm(R).
From this description of the weight morphism w1 one can see that, if we write w∗(λ) = n1ǫ1 + . . .+
nlǫl + cκ, then the mixed Hodge structure on the space H
q(SM1 , W˜w∗(λ)), described in [HZ94], has
weights greater than or equal to q − 2c− 2n1.
On the other hand h2 : S→ Gh,2 ⊂ GO(2, n) is given by
hP2(z) =

|z|2
[
x y
−y x
]
|z|2 Idn−2 [
x y
−y x
]
 ∀z = (x+ iy) ∈ S(R).
and the corresponding weight morphism is given by
w2(t) =
 t3Id2 t2Idn−2
tId2
 = t2
 tId2 Idn−2
t−1Id2
 ∀t ∈ Gm(R).
One can deduce that the weights in the mixed Hodge structure associated to Hq(SM2 , W˜w∗(λ)) are
greater than or equal to q − 2c− n1 − n2. We end this section by making the observation that the
mixed Hodge structure on the space H0(SM0 , W˜w∗(λ)) has weight equal to −2c − 2n1. Note that
SM0 can only have cohomology in degree zero.
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6. Important facts
In this section we explain the methods used to determine when a cohomology class in H∗(∂0, V˜λ)
does not contribute to a ghost class in the cohomology of the boundary. From now on, whenever n
is clear from the context, we will denote Gn simply by G.
6.1. A decomposition of H•(∂i, V˜λ). In this subsection we introduce a well known decomposition
of the spaces H•(∂i, V˜λ). For w ∈ W, we denote by ℓ(w) the length of w. For each i ∈ {0, 1, 2} and
w ∈ WPi , we write w∗(λ) = w(λ + ρ) − ρ ∈ h∗ where ρ = 12
∑
α∈Φ+ α. Then w∗(λ) is the highest
weight associated to an irreducible finite dimensional representation of Mi denoted by Ww∗(λ). For
each q ∈ N we have,
(4) Hq(∂i, V˜λ) =
⊕
w∈WPi
Ind
G(Af )
Pi(Af )
Hq−ℓ(w)(SMi , W˜w∗(λ)).
where Ind
G(Af )
Pi(Af )
denotes the algebraic (unnormalized) induction and SMi is the symmetric space
associated to Mi. For the rest of this paper we will denote Ind
G(Af )
Pi(Af )
by IndGPi .
For each q ∈ N, let WPi(q) be the set of the elements w ∈ WPi with ℓ(w) = q. Since SM0 can
only have nontrivial cohomology in degree 0,
(5) Hq(∂0, V˜λ) =
⊕
w∈WP0(q)
IndGP0H
0(SM0 , W˜w∗(λ)) , ∀q ∈ N.
In order to study ker(pq) (see (2)) we study the image of the map δq : H
q−1(∂0, V˜λ)→ Hq(∂S, V˜λ).
Therefore, for each w ∈ WP0(q− 1) we study whether the corresponding space is in the kernel of δq
and, when this is not the case, whether it could contribute to ghost classes.
6.2. Middle weight. The fact that the weights in the mixed Hodge structure on Hq(S, V˜λ) are
greater than or equal to q−2c is being strongly used. Note that −2c is exactly the weight in the varia-
tion of the complex Hodge structure defined by Vλ. Therefore, if the subspace Ind
G
P0
H0(SM0 , W˜w∗(λ))
of Hq−1(∂0, V˜λ) in (5) has weight lower than q−2c, then this space cannot contribute to ghost classes.
6.3. Image of r2 : H
•(∂2, V˜λ) → H•(∂0, V˜λ). If a class in Hq−1(∂0, V˜λ) is in the image of r2, then
it is in the kernel of δq. The image of r2 can be studied by two different methods either by using
the corresponding mixed Hodge structure or by using the results in [Har87]. If we use the results
in [Har87], we have to consider that we are always in the unbalanced case of Theorem 2 of [Har87].
To be more precise, if w is written as w˜w2 in the decomposition WP0 = W02WP2 then w˜ is the
identity e or the Weyl element w(1,2),∅, given by the transposition (1, 2). Then, if w˜ is not the
identity, the corresponding space IndGP0H
0(SM0 , W˜w∗(λ)) is in the image of r2, unless W(w2)∗(λ) is
one dimensional.
6.4. Image of r1 : H
•(∂1, V˜λ) → H•(∂0, V˜λ). For studying the image of r1 we use the general
description of Eisenstein cohomology in the case when the corresponding Eisenstein series are holo-
morphic at the point of evaluation. We handle this situation following [Sch94] as this provides
complete description of the corresponding image under r1 of the regular Eisenstein cohomology
constructed.
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7. Ghost classes for GO(2, 5)
In this section, we closely study each element w ∈ WP0 to determine when the corresponding
space will have possible contribution to ghost classes. This is done by using the facts enunciated in
section 6. In this case WP0 has 24 elements. In the first column of Table 1, we indicate the Weyl
representatives determined by the permutation σ ∈ S3 and the choice of signs f given in the second
and third column respectively. In the third column we describe f by giving the set f−1(−1) ⊂
{1, 2, 3}. The fourth column collects the length of the corresponding Weyl representative and the
fifth column indicates the weights in the mixed Hodge structure of IndGP0H
0(SM0 , W˜w∗(λ)). The sixth
column indicates the components of w with respect to the decompositionW02WP2 ofWP0 and in the
last two columns we write the coefficients n1, n2 from the expression w∗(λ) = n1ǫ1+n2ǫ2+n3ǫ3+cκ.
Table 1. The set of Weyl representatives WP0
w σ f ℓ(w) weight + 2c W02WP2 n1 n2
w1 e ∅ 0 −2a1 w1w1 a1 a2
w2 (1 2) ∅ 1 2− 2a2 w2w1 a2 − 1 a1 + 1
w3 (1 3) ∅ 3 4− 2a3 w2w6 a3 − 2 a2
w4 (2 3) ∅ 1 −2a1 w1w4 a1 a3 − 1
w5 (1 2 3) ∅ 2 4− 2a3 w2w4 a3 − 2 a1 + 1
w6 (3 2 1) ∅ 2 2− 2a2 w1w6 a2 − 1 a3 − 1
w7 e {1} 5 10 + 2a1 w2w14 −a1 − 5 a2
w8 (1 2) {1} 4 8 + 2a2 w2w13 −a2 − 4 a1 + 1
w9 (1 3) {1} 4 6 + 2a3 w2w18 −a3 − 3 a2
w10 (2 3) {1} 6 10 + 2a1 w2w17 −a1 − 5 a3 − 1
w11 (1 2 3) {1} 3 6 + 2a3 w2w16 −a3 − 3 a1 + 1
w12 (3 2 1) {1} 5 8 + 2a2 w2w15 −a2 − 4 a3 − 1
w13 e {2} 3 −2a1 w1w13 a1 −a2 − 3
w14 (1 2) {2} 4 2− 2a2 w1w14 a2 − 1 −a1 − 4
w15 (1 3) {2} 4 4− 2a3 w1w15 a3 − 2 −a2 − 3
w16 (2 3) {2} 2 −2a1 w1w16 a1 −a3 − 2
w17 (1 2 3) {2} 5 4− 2a3 w1w17 a3 − 2 −a1 − 4
w18 (3 2 1) {2} 3 2− 2a2 w1w18 a2 − 1 −a3 − 2
w19 e {1, 2} 8 10 + 2a1 w2w20 −a1 − 5 −a2 − 3
w20 (1 2) {1, 2} 7 8 + 2a2 w1w20 −a2 − 4 −a1 − 4
w21 (1 3) {1, 2} 5 6 + 2a3 w1w21 −a3 − 3 −a2 − 3
w22 (2 3) {1, 2} 7 10 + 2a1 w2w23 −a1 − 5 −a3 − 2
w23 (1 2 3) {1, 2} 6 6 + 2a3 w1w23 −a3 − 3 −a1 − 4
w24 (3 2 1) {1, 2} 6 8 + 2a2 w2w21 −a2 − 4 −a3 − 2
By this analysis we are able to prove the following
Theorem 7. Let Vλ be the finite dimensional irreducible representation with highest weight λ =
a1ǫ1 + a2ǫ2 + a3ǫ3 + cκ. Then the possible ghost classes come from the spaces associated to the
following elements:
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(1) w = w2. This case could contribute to a ghost class in degree 2 only if a1 = a2 = a3 = 0
(Vλ is one dimensional) and in that case the corresponding weight in the associated mixed
Hodge structure is 2− 2c (which is exactly the middle weight of H2(S, V˜λ)).
(2) w = w3. This case could contribute to a ghost class in degree 4 only if a2 = a3 = 0 in which
case the weight in the corresponding mixed Hodge structure is 4 − 2c (exactly the middle
weight for H4(S, V˜λ)).
(3) w = w19. This case could contribute to a ghost class in degree 9 only if a1 = a2 = a3 = 0,
in which case the corresponding weight is 10− 2c (the middle weight of H9(S, V˜λ) plus one).
(4) w = w21. This case could contribute to ghost classes in degree 6 only if a2 = a3 = 0, in this
case the corresponding weight is 6− 2c (the middle weight of H6(S, V˜λ)) .
(5) w = w24. This case could contribute to ghost classes in degree 7 only if a2 = a3 = 0 or
a2 = a3 = 1. In this case the corresponding weight would be 8 − 2c or 10 − 2c respectively,
while the middle weight of H7(S, V˜λ) is 7− 2c.
Proof. By 6.2 and by using the information in the Table 1 one can see that the spaces IndGP0H
0(SM0 , W˜w∗(λ))
will not contribute to ghost classes for
w ∈ {w1, w4, w6, w13, w14, w15, w16, w17, w18}
On the other hand, for the case w = w2, the corresponding space could contribute to ghost classes
only if a2 = 0 (which clearly implies a3 = 0) and for the cases w = w3 and w = w5 the contribution
to ghost classes could be possible only if a3 = 0.
We continue by analyzing the image of r2 : H
•(∂2, V˜λ)→ H•(∂0, V˜λ) by using 6.3. If w ∈ WP0 is
written as w = w˜0w˜2 with respect to the decomposition WP0 =W02WP2 and w˜0 6= e, then we study
the image of the projection
IndGP2H
1(SM2 , W˜(w˜2)∗(λ))→ IndGP0H0(SM0 , W˜w∗(λ)).
For this consider the decomposition in the sixth column of Table 1 and the information of the highest
weight (w˜2)∗(λ) given in the last two columns. From this we see that the spaces Ind
G
P0
H0(SM0 , W˜w∗(λ))
corresponding to the Weyl representatives
w ∈ {w5, w7, w8, w9, w10, w11, w12, w22}
are contained in the image of r2 and therefore could not contribute to ghost classes. However, for
the cases w = w2 and w = w19 the corresponding space is not entirely contained in the image of
r2 only when a1 = a2 and for the cases w = w3 and w = w24 this will happen only when a2 = a3.
Therefore the only possible contributions to ghost classes come from w2, w3, w19, w20, w21, w23, w24.
We will study each one of these cases to determine whether they could actually contribute to ghost
classes and in that case what are the possible weights in the corresponding mixed Hodge structure.
Let w = w20. Then w = w13w8 with repect to the decomposition WP0 = W01WP1 . We should
keep in mind, by 4.1, thatWP1 = {w1, w2, w5, w7, w8, w11},W01 = {w1, w4, w13, w16} and ℓ(w13) = 3.
By using the results of [Sch94], and more precisely the results in section 6, if some Eisenstein
series are holomorphic at an specific point, we can construct cohomology classes in H•(∂1, V˜λ)
from a class in IndGP0H
0(SM0 , W˜w∗(λ)) such that the image under r1 of this class is some “di-
agonal” element in IndGP0H
0(SM0 , W˜(w13w8)∗(λ)) ⊕ IndGP0H0(SM0 , W˜(w1w8)∗(λ)) and even more the
composition of r2 with the projection to the first component of this element is the chosen class in
IndGP0H
0(SM0 , W˜w∗(λ)). As Ind
G
P0
H0(SM0 , W˜(w8)∗(λ)) is in the image of r2, we can conclude that
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the space IndGP0H
0(SM0 , W˜(w20)∗(λ)) will be in Im(r1) + Im(r2) when the corresponding Eisenstein
series associated to the classes in IndGP0H
0(SM0 , W˜(w13w8)∗(λ)) are holomorphic at the evaluation
point.
By using the notation in [Sch94], the evaluation point of the Eisenstein series associated to a
class in IndGP0H
0(SM0 , W˜(w20)∗(λ)) is given by
ΛP1w = −w(λ+ ρ)|aP10 = −(w∗(λ) + ρ)|aP10
and it is known that these Eisenstein series are holomorphic in the semiplane defined by
(6) < ReΛ, α∨ > > < ρP0 , α
∨ > ∀α ∈ AP10 .
But in this case AP10 is one dimensional and we just have to check this for α = ǫ2.
This inequality at Λ = ΛP1w is then given by −n2 > 3, where n2 is given by the expression
w∗(λ) = n1ǫ1 + n2ǫ2 + n3ǫ3 + cκ. By this consideration one can see that the Eisenstein series
associated to w = w20 is holomorphic at Λ
P1
w , hence the corresponding space is in Im(r1) + Im(r2)
and therefore it does not contribute to ghost classes. Applying the same method one can see that the
following spaces do not contribute to ghost classes as well : corresponding to the Weyl representative
w23; w19 and w21 unless a2 = 0 and w24 unless a3 ∈ {0, 1}. This completes the proof. 
We conclude this section with the following immediate corollary.
Corollary 8. Let Vλ be the finite dimensional irreducible representation with highest weight λ =
a1ǫ1 + a2ǫ2 + a3ǫ3 + cκ. Then:
(1) If a2 6= a3 or a2 = a3 /∈ {0, 1} then there are no ghost classes in the cohomology space
H•(∂S, V˜λ).
(2) If a2 = a3 = 0 then the only possible weights in the mixed Hodge structure of the space of
ghost classes are the middle weight and the middle weight plus one.
(3) If a2 = a3 = 1 then the only possible weight in the space of ghost classes is the middle weight
plus three and lies in H7(∂S, V˜λ).
8. Ghost classes for GO(2, 4)
In this case the set of Weyl representativesWP0 is the whole Weyl groupW. We present a similar
table as in the section 7, with the elements in WP0 and where each column delivers the same type
of information. In this particular case, the description of the sets of Weyl representatives given in
the subsection 4.2 can be summarized as follows:
• WP0 =W, this is the set of all 24 elements listed in Table 2 below.
• WP2 = {w1, w4, w6, w8, w9, w11, w13, w14, w15, w16, w17, w18} .
• WP1 = {w1, w2, w5, w19, w20, w23}.
• W01 = {w1, w4, w13, w16}.
• W02 = {w1, w2}.
Theorem 9. Let Vλ be the finite dimensional irreducible representation with highest weight λ =
a1ǫ1 + a2ǫ2 + a3ǫ3 + cκ. Then the possible ghost classes come from the spaces associated to the
following elements:
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Table 2. The set of Weyl representatives WP0
w σ f ℓ(w) weight + 2c W02WP2 n1 n2
w1 e ∅ 0 −2a1 w1w1 a1 a2
w2 (1 2) ∅ 1 2− 2a2 w2w1 a2 − 1 a1 + 1
w3 (1 3) ∅ 3 4− 2a3 w2w6 a3 − 2 a2
w4 (2 3) ∅ 1 −2a1 w1w4 a1 a3 − 1
w5 (1 2 3) ∅ 2 4− 2a3 w2w4 a3 − 2 a1 + 1
w6 (3 2 1) ∅ 2 2− 2a2 w1w6 a2 − 1 a3 − 1
w7 e {1, 2} 6 8 + 2a1 w2w8 −a1 − 4 −a2 − 2
w8 (1 2) {1, 2} 5 6 + 2a2 w1w8 −a2 − 3 −a1 − 3
w9 (1 3) {1, 2} 3 4 + 2a3 w1w9 −a3 − 2 −a2 − 2
w10 (2 3) {1, 2} 5 8 + 2a1 w2w11 −a1 − 4 −a3 − 1
w11 (1 2 3) {1, 2} 4 4 + 2a3 w1w11 −a3 − 2 −a1 − 3
w12 (3 2 1) {1, 2} 4 6 + 2a2 w2w9 −a2 − 3 −a3 − 1
w13 e {2, 3} 2 −2a1 w1w13 a1 −a2 − 2
w14 (1 2) {2, 3} 3 2− 2a2 w1w14 a2 − 1 −a1 − 3
w15 (1 3) {2, 3} 3 4− 2a3 w1w15 a3 − 2 −a2 − 2
w16 (2 3) {2, 3} 1 −2a1 w1w16 a1 −a3 − 1
w17 (1 2 3) {2, 3} 4 4− 2a3 w1w17 a3 − 2 −a1 − 3
w18 (3 2 1) {2, 3} 2 2− 2a2 w1w18 a2 − 1 −a3 − 1
w19 e {1, 3} 4 8 + 2a1 w2w14 −a1 − 4 a2
w20 (1 2) {1, 3} 3 6 + 2a2 w2w13 −a2 − 3 a1 + 1
w21 (1 3) {1, 3} 3 4 + 2a3 w2w18 −a3 − 2 a2
w22 (2 3) {1, 3} 5 8 + 2a1 w2w17 −a1 − 4 a3 − 1
w23 (1 2 3) {1, 3} 2 4 + 2a3 w2w16 −a3 − 2 a1 + 1
w24 (3 2 1) {1, 3} 4 6 + 2a2 w2w15 −a2 − 3 a3 − 1
(1) w = w2, only when a1 = a2 = a3 = 0. In this case the corresponding cohomology class could
contribute to a ghost class in degree 2 and would have weight equal to the middle weight of
H2(S, V˜λ).
(2) w = w3, only when a2 = a3 = 0. In this case the corresponding cohomology class could
contribute to a ghost class in degree 4 and would have weight equal to the middle weight of
H4(S, V˜λ).
(3) w = w7, only when a1 = a2 = a3 = 0. In this case the corresponding cohomology class could
contribute to a ghost class in degree 7 and would have weight equal to the middle weight of
H7(S, V˜λ) plus one.
(4) w = w9, only when a2 = a3 = 0. In this case the corresponding cohomology class could
contribute to a ghost class in degree 4 and would have weight equal to the middle weight of
H4(S, V˜λ).
(5) w = w12, only when a2 = a3 = 0 or a2 = a3 = 1, in which case the corresponding cohomology
class could contribute to a ghost class in degree 5 and would have weight equal to the middle
weight of H5(S, V˜λ) plus 1 (if a2 = a3 = 0) or plus 3 (if a2 = a3 = 1).
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(6) w = w15, only when a2 = a3 = 0, in which case the corresponding cohomology class could
contribute to a ghost class in degree 4 and would have weight equal to the middle weight of
H4(S, V˜λ).
(7) w = w21, only when a2 = a3 = 0, in which case the corresponding cohomology class could
contribute to a ghost class in degree 4 and would have weight equal to the middle weight of
H4(S, V˜λ).
(8) w = w24, only when −a3 = a2 = 0 or −a3 = a2 = 1, in which case the corresponding
cohomology class could contribute to a ghost class in degree 5 and would have weight equal
to the middle weight of H5(S, V˜λ) plus 1 (if −a3 = a2 = 0) or plus 3 (if −a3 = a2 = 1).
Proof. We begin, as in the previous section, by using the facts in 6.2 to eliminate certain possible
contributions to ghost classes. As one can see in the Table 2, for the Weyl representatives
w ∈ {w1, w4, w6, w13, w14, w16, w18}
the corresponding space IndGP0H
0(SM0 , W˜w∗(λ)) has weight less than the middle weight ofH
ℓ(w)+1(S, V˜λ)
and therefore this space cannot contribute to ghost classes. The space corresponding to w = w2
could only contribute to ghost classes if a2 = 0. When w = w3, w = w5 or w = w15, the correspond-
ing cohomology class could only contribute to ghost classes if a3 ≤ 0. When w = w9 or w = w21,
the corresponding cohomology class could only contribute to ghost classes if a3 ≥ 0. Following 6.3
we see that for
w ∈ {w5, w10, w19, w20, w22, w23}
the corresponding space IndGP0H
0(SM0 , W˜w∗(λ)) will be entirely contained in the image of r2 and
therefore this space cannot contribute to ghost classes. However, in the following cases the cor-
responding space can contribute ghost classes described as follows : for w = w2 or w = w7 only
when a1 = a2; for w = w3 or w = w12 only when a2 = a3 and for w = w21 or w = w24 only when
a2 = −a3.
Let w = w8. We make use of [Sch94] as in the previous section. Observe that w8 = w13w20 with
respect to the decomposition WP0 = W01WP1 . Recall that, as in the case where certain Eisenstein
series are holomorphic at a certain evaluation point (see [Sch94] for the precise statement) one
can construct cohomology classes in H•(∂1, V˜λ) from a cohomology class in Ind
G
P0
H0(SM0 , W˜w∗(λ))
whose image under r1 is some class in Ind
G
P0
H0(SM0 , W˜(w13w20)∗(λ)) ⊕ IndGP0H0(SM0 , W˜(w1w20)∗(λ))
such that the restriction to the first component is the cohomology class from where we started
the construction. In this case the inequality 6 is given by −n2 > 2, where n2 is given by the
expression w∗(λ) = n1ǫ1 + n2ǫ2 + n3ǫ3 + cκ. One can verify, by the same methods used in the
previous section, that the corresponding Eisenstein series are holomorphic in this case. Therefore,
as IndGP0H
0(SM0 , W˜(w1w20)∗(λ)) is in the image of r2, we conclude that Ind
G
P0
H0(SM0 , W˜(w13w20)∗(λ))
is in Im(r1) + Im(r2) and therefore it does not contribute to ghost classes. By using the same
arguments one can see that for w = w11 and w = w17 the corresponding space does not contribute
to ghost classes. For w = w7, w = w9 and w = w15 the corresponding space could contribute to
ghost classes only when a2 = 0. For w = w12 the corresponding space could contribute to ghost
classes only when a3 = 0 or a3 = 1. For w = w24 the corresponding space could contribute to ghost
classes only when a3 = 0 or a3 = −1. Hence, we have proved the theorem. 
Following the above discussion, we have the following
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Corollary 10. Let Vλ be the finite dimensional irreducible representation with highest weight λ =
a1ǫ1 + a2ǫ2 + a3ǫ3 + cκ. Then:
(1) If a2 6= a3 and −a2 6= a3, or a2 = a3 /∈ {0, 1} or a2 = −a3 /∈ {0, 1}, then there are no ghost
classes in the cohomology space H•(∂S, V˜λ).
(2) If a2 = a3 = 0, then the only possible weights in the space of ghost classes are the middle
weight and the middle weight plus one.
(3) If a2 = a3 = 1 or a2 = −a3 = 1, then the only possible weight in the space of ghost classes
is the middle weight plus 3.
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